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Abstract. We are interested in a new kind of bi-dimensional bilinear 
paraproducts (appearing in [6]), which do not fit into the setting of 
bilinear Calderon-Zygmund operators. In this paper we propose a fiber- 
wise Calderon-Zygmund decomposition, which is specially adapted to 
this kind of bi-dimensional paraproduct. 



Let us first recall what is a standard paraproduct. 
A bilinear paraproduct II on M. d is a bilinear operator of the following form : 



where ip is a smooth function with a spectrum included in a corona around 
0, 4> a smooth function, and for a function £, we write the L 1 -normalized 
functions 



To a function ( t , we associate the convolution operator :— Ct * /• So 

by this way, ipt(f) allows us to truncate / in the frequency space around the 
scale i -1 . 

The paraproducts were the first studied singular bilinear operators. Their 
study began by the works of Bony in [1] and of Coifman and Meyer in [3, 4, 5], 
where in particular first continuities in Lebesgue spaces are shown. Indeed, 
such paraproducts fit into the setting of bilinear Calderon-Zygmund theory 
(see the work of Grafakos and Torres [9] and Kenig and Stein [11]) and so 
other boundedness can be obtained. Finally, we have boundedness in the full 
and maximal range of exponents: 



1. Introduction 




Ct(ar) := 
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Theorem 1. For all exponents 1 < p, q < oo satisfying 



1 1 1 

0< - :=- + -< 2, 



r p q 
there exists a constant C, such that 



V/,g e S(R d ), \\U(f,g)\\ Lr{Rd) < C||/|| iP(K<J) \\g\\ L « m . 



When p, q,r 6 (l,oo) the boundedness is an easy consequence of the 
Littlewood-Paley theory, and if one of the exponents p, q is infinite then the 
proof of the boundedness requires the notion of Carleson measure. Then, 
Caldcron-Zygmund theory allows us to get the boundedness for r < 1. 

For the last years, Lacey and Thiele have solved the famous Calderon's conjec- 
ture concerning boundedness of bilinear Hilbert transform [12, 13]. This new 
kind of bilinear operators (far more singular than the previous one) have then 
given rise to numerous works. One of the main problems, concerning these 
operators, which are still open is the generalization of these boundedness for 
the two-dimensional bilinear Hilbert transforms. 

Demeter and Thiele have begun to describe a partial result in [6] but bound- 
edness for the following operator is still open : let /, g E S(R 2 ) 



There are no results for this model operator. The main difficulty is that 
the singular operation p.v.(l/z) is simultaneously acting on the two different 
variables x and y. The time-frequency decomposition makes also appear a 
new phenomenon, mixing the two coordinates. 

In order to understand first this new problem, we aim to study the following 
operator : 



where ipt,x and <pt tV are usual convolutions in the x (or y) variable. This 
operator is to H what the classical paraproduct is to the one dimensional 
bilinear Hilbert transform. So to study H, we have first to understand this 
new bilinear operator T, involving the problem of mixing the two coordinates. 
This operator is the prototype of the singular operators corresponding to the 
sixth and remaining open case in [6] . Note that T can be viewed as a limiting 
(degenerate) case of some of the other cases (cases 1, 4, 5) in [6]. 

We emphasize that here, we do not prove any boundedness for such operators. 
It seems that standard arguments (Littlewood-Paley and Calderon-Zygniund 
theories) cannot be employed to prove one boundedness of this new kind of 
paraproducts and a new approach should be required. However, we propose 
here an extension result (similar to what is known for classical paraproducts): 
starting from one supposed boundedness, we then deduce other continuities 
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by making lower the Lebesgue exponents. More precisely, we will prove the 
following result: 

Theorem 2. Assume that T is bounded from L Po (R 2 ) x L qo (R 2 ) to L ra <°°(R 2 ) 
for some exponents po , qo € (l,oo) satisfying 

1 1 1 

ro Po qo ' 

Then for all exponents p, q, r satisfying p £ [l,Po]> 5 £ [1, qo] an d 

1111 
— <- = - + -< 2, 

r r p q 

• T admits a bounded extension from L P {R 2 ) x L q (R 2 ) to L r (R 2 ) if 

p,q> i; 

• T admits a bounded extension from LP(R 2 ) x L q (R 2 ) to L r >°°(R 2 ) if 
p = 1 or/and q = 1. 



We postpone the proof to the next section. Moreover, we will give some 
comments concerning the dual operators of T too. 

The proof relies on a fiber-wise Calderon-Zygmund decomposition. We move 
the reader to [14] for a multiple frequencies Calderon-Zgymund decomposition, 
well-adapted to multi-frequency inequalities. The fiber-wise decomposition, 
presented here, can be seen as the analogue for the bi-dimensional analysis. 
Moreover, we point out that Fcfferman has already used a more complicated 
fiber-wise Calderon-Zygmund decomposition in [7] to study the double Hilbert 
transform. 



2. The extension of boundedness result 

The section is devoted to the proof of Theorem 2. By bilinear Marcinkiewicz 
interpolation between weak type inequalities (see [10]), Theorem 2 is reduced 
to the following proposition : 

Proposition 3. Let assume that T is bounded from L p (Jst 2 ) x L q (R 2 ) to 
L r '°°(R 2 ) for some exponents p > 1, q > 1 and 

1 _ 1 1 

r p q 

Then 

• if p > 1, T admits a bounded extension from L X (R 2 ) x L q (R 2 ) to 
i^°°(R 2 ) with 

1 1 



4 



FREDERIC BERNICOT 



• if q > 1, T admits a bounded extension from L P (R 2 ) x L 1 (M 2 ) to 
i^°°(R 2 ) with 

i = ± + i. 

s p 

Proof. The paraproduct T is almost symmetric in / and g. The proof, pre- 
sented below, does not distinguish between ip and <fi and therefore by symme- 
try, we only prove the first claim for p > 1 . 

So assume that p > 1 and let us fix a function g, which can be assumed nor- 
malized without loss of generality : H^Hl^r 2 ) = 1- 

Let us introduce a well-adapted dense subspace V of L 1 (M 2 ): V is the set of 
functions / G i 1 (R 2 ) such that there exist a finite sequence {fj)j of L 1 (R) 
and a finite sequence of pairwise disjoint measurable sets (Ej)j of R verifying 

(1) f(x,y) = J2fj(x)l Ej (y). 

j 

In fact, V corresponds to the tensor product L : (R) ® L 1 (R). 

We aim to prove that there exists a constant c such that for all a > and 

every function / G V 

(2) \{{x,y) G R 2 , \T(f,g)(x,y)\ > a}\ < «*- s ||/||l 1(R2) . 

Using that set V is dense into L : (R 2 ) and into L 1 (R 2 )nL p (R 2 ), wc deduce that 
T admits an extension which is bounded from L 1 (R 2 ) x L«(R 2 ) to L S '°°(R 2 ). 
Aiming to prove (2), wc fix a > and a function / G V. For every fixed 
y G R, by definition of V 1 f(-,y) is a L 1 (R)-function and so we can choose a 
Calderon-Zygmund decomposition at the scale 7 := a s H/H^Tp^) (see [2]). So 
there exist functions b y and atoms (a,i, y )i supported on cubes Qi, y such that 

• f{-,V) =°y + Y,i a i,y'i 

• for all y, we have ||z.i(K) < ||/(-, v)\\lhr) and ||& y |U°°(R) < 7; 

• for all i, the atom ai^ y has a vanishing mean value on Qi y and 

IKs/IUw;,,,) ~ ilQhvl; 

• for all y, £\ \Qi,y\ < 7 _1 ||/(- ; y)h^R)- 

Then, let us define b(x, y) := b y (x) and a(x, y) :— J7 ai jV (x). It is easy to see 
that b is in fact measurable in R 2 . Indeed using decomposition (1) of /, wc 
can write 

b(x,y) = J2b 1 j (x)l Ej (y) 

3 

where 6] is the "good part" of fj coming from its Calderon-Zygmund decom- 
position. 

So b is measurable and we have ||£>||l°°(]r 2 ) < 7 and ||6|| L i( R 2) < ||/|| L i( R 2). 
Thus by interpolation, 

(3) l|fc||L,( R2 )<7 1/p 'll/ll^ R2) . 
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By splitting, T(f,g) = T(b,g) + T(a,g), it suffices to study the two terms. 
The first one can be bounded using the previous inequality (3) and the as- 
sumed boundedness of T as follows : 

\{(x,y) 6l 2 , \T(b,g)(x,y)\ > a}\ 

<a- r \\T(b,g)\\l^ (R2) <a- r \\b\\ r LP(R2) 

< a - r Y /p '\\f\\% 2) < *- r+sr/p '\\f\\t\^)- s)r ' pl 
<*- s \\f\\h m , 

where we used that 

111 , sr 

= — and so — - = r — s. 

s r p p 

So this term is acceptable according to (2). 

Then, as usual we expect to have pointwise bounds of T(a,i tV ,g) outside the 
ball 2Qi_ y . So we have first to remove this set. This is possible since 

\{(x,y), xeU l 2Q l . y }\< [ \U l 2Q l , y \dy< 1 - 1 [ \\f(-,y)\\ LHR) dy 

Jr Jr 

< 7- 1 ||/IU 1( k 2 ) ^ a ~ S 11/11 - Ti±1 



Il!(r 2 ) 



It remains us to study the following term: 

1 '■= \{(x,y), x e (U;2<3^) c , \T(a,g)(x,y)\ > a}| . 
First, we use the specific structure of T to deduce 

T(a,g)(x,y)= / ip ttX [a](x,y)<p t , y [g](x,y)'- 
Jo 

( 4 ) = / 'Y,M a i,y\{ x ) ( l>t,y[9\{x,y) — - 

Jo l 1 

Then fkyel and take x G (Ui2Q iy ) c , we have to bound the right hand side 
of (4). We denote rq iy for the radius of the ball Qi. y and M y the Hardy- 
Littlcwood maximal function acting on the y-variable. Using the vanishing 
mean value of and that (f>t,y is bounded by Ai y , it comes with Cj i3/ the 



dt 

T 
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center of the ball Qi, y 
\T(a,g)(x,y)\ 



< 



/ J2 \ a i,v( z )\ \4>t{x-z) - ip t (x - Ci, y )\ dz— }M v g(x,y) 
jf E j Q K,WI^(l + ^^) _M dzfjM y9 (x,y) 



<7^IQ^ L TQ l v l2 M y g{x,y). 

i \ x c '^y\ 

Consequently, it comes for x G (U i 2Q i , / ) c 

\T(a,g)(x,y)\ <^H(x,y)M y g(x,y), 

with 

H(x,y) •■=^2\Qi,v\ . r ^ i ' v |2 1 (2Q^)°( a; )- 

Since the function / e D can be decomposed with tensor products (see (1)), 
the function H can also be written with tensor products which implies that 
H is measurable. Since s _1 = 1 + g _1 , Holder inequality for weak Lebesgue 
spaces yields : 

I<a-°Y\\H\\ S Li,~ { mi) ll^„[ff]||l,. o (Ra) . 

Since q > 1, M y is of weak type (q, q) and since g is normalized in L q (R 2 ) wc 
have 

/ < a- V ll^oc^) < a- 7 * II^IIli(r 2 ) ■ 
Moreover, for all y e R, we get 

f H{x,y)dx <Y,\Qi,v\ I | rQ " B , 2 ^<El^l 

which yields ||i?|| L i( R 2) < j^ 1 I/Hl^r 2 )- Hence, we finally obtain that 

I < a-^b-'Wfh^)) 8 = ^ S ||/II| 1(R2 )- 

That exactly corresponds to the desired estimate (2) for this term, which ends 
the proof. □ 

Remark 1. The previous proof is based on a fiber- wise Calderon-Zygmund 
decomposition for / G L 1 (K 2 ). We have worked for functions belonging to a 
dense subspace, in order to get around technical problems of measurability. 
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Indeed for / e i 1 (M 2 ), we know that for almost every y £ K, we can con- 
sider the function /(•, y) e i 1 (K). Applying the standard Calderon-Zygmund 
decomposition, we obtain f(-,y) = b y + a y . Then we define a global "good 
part" of the function /, by defining b(x,y) :— b y (x) for almost every y e R. 
But to compute estimates on b, it is important to first check that b is mea- 
surable in M 2 . In general, this seems to be not obvious, it is related to prob- 
lems involving measurable selections (in the stopping time argument of the 
Calderon-Zygmund decomposition). 

That is why, here we have prefered to work with specific functions / which can 
be split into tensor products and then the measurability is easily obtained. 

Having concluded the proof of our main result Theorem 2, we are now inter- 
ested in the dual operators of T. Let us compute the two dual operators T* 1 
and T* 2 (with respect to / or g), it comes : 



As we have remarked during the previous proof for (4), we have used a specific 
property of the operator T. More precisely, we have employed the fact that 
to compute T(f,g)(x,y) requires only information on f(-,y) and not on the 
whole function / (and similarly for g), in order that for all (x,y) 6 K 2 



This fact is very important in the proof and allowed us to use the standard 
Calderon-Zygmund decomposition. It is interesting to emphasize that this 
property is not satisfied for the two dual operators T* 1 and T* 2 . Indeed to 
compute T* 1 (/i, g)(x, y), we require information on the whole function g (since 
we have the first operator <f> t , v in the y variable and then the second one ipt,x 
in the x variable) and on the function h (we have just an operator ipt tX on the 
x variable but a vanishing mean value of h in one of the two variables does 
not bring an extra decay in order to repeat the previous arguments). So we 
cannot reproduce the previous reasoning for the dual operators and we do not 
know if such an extension result is true for them. 

The operator T is the prototype operator of those described by the last and 
sixth case in [6]. Moreover, we note that the operators appearing in the 
cases 1,4 and 5 of [6] do not satisfy this specific structure of T (like the 
dual operators T* 1 and T* 2 ) too and so cannot be studied by this fiber- wise 
Calderon-Zygmund decomposition. 




and 




T(f,g)(x,y) :=T(f(.,y),g(x,-))(x,y). 



8 



FREDERIC BERNICOT 



References 

[1] J.M. Bony, Calcul symbolique ct propagation des singularites pour les equations aux 

derivees partielles non lincaircs. Ann. Sci. Eco. Norm. Sup. 14 (1981), 209-246. 
[2] A. P. Calderon and A. Zygmund, On the existence of certain singular integrals. Acta 

Math. 88 (1952), 85-139. 
[3] R.R. Coifman and Y. Meyer, On commutators of singular integrals and bilinear singular 

integrals. Trans. Amer. Math. Soc. 212 (1975), 315-331. 
[4] R.R. Coifman and Y. Meyer, Commutateurs d'integrales singuliers et operateurs mul- 

tilincaircs. Ann. Inst. Fourier Grenoble 28 (1978), 177-202. 
[5] R.R. Coifman and Y. Meyer, Au-dcla des operateurs pseudo-diffefentiels. Asterisquc 

57, Societe Math, de France, 1978. 
[6] C. Demeter and C. Thiele, On the two dimensional Bilinear Hilbcrt Transform. Amer. 

J. Math. 132 (2010), no. 1, 201-256. 
[7] C. Fefferman, Estimates for double Hilbert transforms. Studia Math. 44 (1972), 1-15. 
[8] L. Grafakos and N. Kalton, Some remarks on multilinear maps and interpolation. 

Math. Ann. 319 (2001), 151-180. 
[9] L. Grafakos and R. H. Torres, Multilinear Calderon-Zygmund theory. Adv. in Math. 

165 (2002), 124-164. 

[10] S. Janson, On interpolation of multilinear operators, Function spaces and applications. 

Lect. Notes in Math. 1302 (1998), 290-302, Springer, Berlin-New York. 
[11] C. Kenig and E. Stein , Multilinear estimates and fractional integration. Math. Res. 

Lett. 6 (1999), 1-15. 

[12] M. Lacey and C. Thiele, L p bounds for the bilinear Hilbert transform, 2 < p < oo. 

Ann. of Math. 146 (1997), 693-724. 
[13] M. Lacey and C. Thiele, On Caldcron's conjecture. Ann. of Math. 149 (1999), 475-496. 
[14] F. Nazarov, R. Obcrlin and C. Thiele, A Calderon-Zygmund decomposition for multiple 

frequencies and an application to an extension of a lemma of Bourgain. Math. Res. 

Lett. 17 (2010), no. 3, 529-545. 
[15] A. Zygmund, On a theorem of Marcinkicwicz concerning interpolation of operations. 

Journ. Math. Pures et App. 35 (1956), 223-248. 



Frederic Bernicot, Laboratoire Paul Painleve, CNRS - Universite Lille 1, F- 
59655 Villeneuve d'Ascq, France 

E-mail address: frederic.bernicotOmath.uriiv-lillel.fr 



